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The author examines nonstationary processes (combustion at varying 
pressure, quenching, and ignition) for a model propellant whose burn- 
ing rate u and surface temperature T1 depend on pressure p and initial 
temperature To. A11 the processes in the surface reaction zone and the 
gas phase are assumed irmrtiaIess. It is shown that a theory of nonsta- 
tionary combustion for such a model can be constructed by analogy with 
the ZeI'dovich theory [1, 2], in which the surface temperature of the 
powder is assumed fixed. The variation of burning rate with time has 
been investigated for sinai1 sudden pressure changes. It is shown how a 
sufficiently large and steep pressure drop may cause quenching of the 
propellant. The process of propellant ignition is subjected to a qualita- 
tive analysis. 

1. S ta t ionary  and nons t a t iona ry  laws of combus t ion .  

Under  s t a t i ona ry  condi t ions  the burning r a t e  and s u r -  
face  t e m p e r a t u r e  of a p rope l l an t  powder  depend on the 

in i t ia l  t e m p e r a t u r e  and p r e s s u r e  

u = u ~ ( T o , p ) ,  T~ = T~ ( T o ,  p ) .  (1.l)  

Z e l ' d o v i e h  [1, 2] has  p roposed  a method of i n v e s -  
t iga t ing  nons ta t iona ry  combus t ion  p r o c e s s e s  fo r  the 
c a s e  of cons tan t  su r f ace  t e m p e r a t u r e .  Es sen t i a l l y ,  
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the method c o n s i s t s  of t r a n s f o r m i n g  the s t a t i ona ry  
dependence  of  burning r a t e  u ~ ( T o , p )  on in i t ia l  t e m p e r a -  

t u r e  and p r e s s u r e  into the r e l a t i o n  u(f, p), w h e r e  f i s  

the t e m p e r a t u r e  g rad ien t  at the su r f ace  of  the p r o p e l -  
l an t .  The r e l a t i on  obtained is  a l so  va l id  under  non-  

s t a t i ona ry  condi t ions  (for th is  r e a s o n  the s u p e r s c r i p t  
has  been dropped f r o m  the burning ra te ) ,  s ince  the 

g rad ien t  d e t e r m i n e s  the t e m p e r a t u r e  in the combus t ion  
zone, on which the burning r a t e  a lso  depends ,  The 
t r a n s i t i o n  f r o m  u ~ (To,p) to u(f, p) i s  r e a l i z e d  with the 

help  of the known r e l a t i o n  be tween  grad ien t ,  burn ing  
r a t e ,  and in i t ia l  t e m p e r a t u r e :  

~]o = u o (TO _ To), (1.2) 

which i s  va l id  under  s t a t i ona ry  condi t ions  (n i s  the  

t h e r m a l  di f fus ivi ty  of the propel lan t ) .  Of c o u r s e ,  t h i s  

approach  to the study of  nons t a t iona ry  phenomena  ne -  

g lec t s  the i n e r t i a  of  a l l  the p r o c e s s e s  excep t  fo r  heat  

conduct ion in the condensed  phase .  

The author  of [3], making  the s a m e  as sumpt ion  about 

the leading r o l e  of  the i n e r t i a  of  the heated  l aye r  of 
the condensed  phase,  has  shown that  by means  of (1.2) 
the s t a t i ona ry  r e l a t i o n  be tween  su r f ace  t e m p e r a t u r e ,  
in i t i a l  t e m p e r a t u r e ,  and p r e s s u r e  can be r ed uced  to 
the r e l a t i on  Tt(f  , p), which is  a l so  va l id  for  v a r i a b l e  
pressure. 
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Thus, even  in the c a s e  of v a r i a b l e  su r f ace  t e m p e r a -  

t u r e  the nons t a t iona ry  phenomena  a s s o c i a t e d  with the 

burn ing  of powder s  can be inves t iga t ed  by m e a n s  of 
the nons ta t iona ry  laws 

u = u (1, p), r l  = r l  (I, p) (1.3) 

obtained f r o m  the s t a t iona ry  laws of combus t ion  (1.1) 

by using r e l a t i o n  (1.2). 
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The stationary laws of combustion can be obtained either from the 
theory of combustion with account for the specific physicochemical 
processes that take place in the condensed and gas phases or from ex- 
periments on the stationary burning of propellants at various pressures 
and initial temperatures. 

Zel'dovich has shown that in the case of constant surface tempera- 
ture a stable stationary combustion regime can be realized only if 

/ O l n u  ~ \ 
k<i, k = (TI ~ I~)v " (1.4) 
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S i n c e  

01nu ~ k 

it is obvious that the propellant can bum only on those parts of the 
u(]) curve on which the derivative du/d]  is negative. In particular, in 
the case of an exponential relation between burning rate and initial 
temperature u ~ ~ exp 1ST0 (this relation follows from the Arthenins law 
for the rate of the chemical reaction in gas phase) the u(f) curve at 
constant pressure has the form shown in Fig. I (curve a). The pare of 
the curve depicted by a dashed line corresponds to unstable combustion 
regimes k > 1, L e . ,  to low initial temperatures, since k = B(T~ - To). 

The analysis of experimental data on the stationary burning of pro- 
pellants often leads to a law u| that is nonexponentiaI. In this case, 
of course, the form of the u( f )  curve also changes. Thus, for example, 
the interpolation of u~ in the form u ~ ~ (1 - 3T0) -i  used in [4] 
gives a linear relation between burning rate and gradient (curve b). 
it is also possible to visualize a u(~ relation opposite to case a. If the 
burning rate is interpolated by means of the law u ~ ~ exp BT~, then 
at small values of the initial temperature the rate will decrease with 
increase in gradient, while at large values it will increase (curve c). 
However, for any relation between burning rate and gradient, stable 
regimes correspond to those parts of the u(;f) curves on which du/df  < 
< 0 (these are depicted by a solid line). 

The situation is different if the surface temperature of the propellent 
itself changes with the initial temperature. In this case the criterion of 
stability of the stationary combustion regime at constant pressure has 
the form [3] 

r:>(k-- t )U/(k-+. l ) ,  r=(OTl~ , (1.5) 

where k has it former significance, and r is the derivative of the surface 
%emperamre with respect to the initial temperature measured in the 
stationary regime. 

Correct m experimental errors, the data for N powder, the only 
system for which measurements have so far been made [5], satisfy 
criterion (1.5). Figure 2 presents the curve r = (k - 1)Z/(k + 1) and 
the points corresponding to combustion regimes at various pressures 
and initial temperatures. The crosses correspond to a pressure p = 20 
arm, the circles to p = 1 atm. The figures 1-8 correspond to initial 
temperatures of -200  ~ C, =150" C, -100  ~ C, 0 ~ C, 100" C and 
140 ~ C. As the initial temperature increases, so do the parameters 
kand  r. 

We now turn to the relation u(f) .  AS in the case of constant surface 
temperature its nature will be determined by the specific stationary 
laws u*(T0) and TI(T0). However, stable stationary regimes correspond 
to parts of the u(]) curve with both negative and positive values of the 
derivative du/df .  Indeed, as shown in [3], for variable surface t em-  
perature we have 

0 1 n u  ~ ~ k 
O~]-]p k + r - -  t ' 

T I ~  ~Oln] / ~ ~  ; 

therefore, the sign of the derivatives du/df  and dTl/d ] is determined 
by the sign of k + r -- 1. In Fig. 2 the dashed line represents the 
straight line r = 1 -- k. It is clear from the drawing that in stable 
regimes. L e . ,  when condition (1.5) is satisfied, there may be cases 
of both positive and negative derivatives of the burning rate and sur- 
face temperature with respect to the gradient. Figure 3 shows u(f) and 
TI(;f) at a pressure of p = 20 aim for N powder. 

Variability of the surface temperature leads to a series of important 
effects lacking in the constant-temperature model: the region of stable 
combustion increases [3]; the powder has a natural frequency, so that 
the dependence of the amplitude of the burning rate on the frequency 
of the applied, harmonically varying pressure is of the resonance type; 
finally, nonlinear undamped oscillations of the burning rate are possible 
at constant pressure [6, 7]. It is natural to expect that the behavior of 
the propellent at varying pressure, i . e . ,  nonstationary combustion, 
will also be different from the case of constant surface temperature 

considered by Zel'dovich. Below we investigate certain effects associ- 
ated with nonstationary combustion in the presence of a variable pro- 
pellent surface temperature. 

2 .  S m a l l  v a r i a t i o n s  o f  p r e s s u r e .  W e  w i l l  c o n s i d e r  

t h e  d e p e n d e n c e  o f  b u r n i n g  r a t e  o n  t i m e  a s  t h e  p r e s s u r e  

v a r i e s  f r o m  a c e r t a i n  i n i t i a l  v a l u e  p~ to  a n  e n d  v a l u e  

Pl  = p~ + h ) .  T h e  i n e r t i a  o f  t h e  c o n d e n s e d  p h a s e  (x < 

< 0),  t a k e n  i n t o  a c c o u n t  i n  t h e  h e a t  c o n d u c t i o n  e q u a t i o n  

OT O~T OT 
Ot = u - ~ -  - - u  T= , , 

T ( - -  oc) = To, T (0) = T~,  (2 .1)  

m e a n s  t h a t  t h e  b u r n i n g  r a t e  u ( t )  d o e s  n o t  c o r r e s p o n d  

t o  i t s  s t a t i o n a r y  v a l u e  u ~ (p) a t  t h e  i n s t a n t a n e o u s  v a l u e  

o f  t h e  p r e s s u r e  p ( t ) .  F o r  a c o m p l e t e  f o r m u l a t i o n  o f  t h e  

p r o b l e m ,  a p a r t  f r o m  (2 .1) ,  i t  i s  a l s o  n e c e s s a r y  to  a s -  

s i g n  t h e  n o n s t a t i o n a r y  l a w s  o f  c o m b u s t i o n  u( f ,  p )  a n d  

T l ( p )  a n d  t h e  r e l a t i o n  b e t w e e n  p r e s s u r e  a n d  t i m e  p ( t ) .  

W e  w i l l  s t a r t  b y  g o i n g  o v e r  t o  d i m e n s i o n l e s s  v a r i a b l e s :  

0 -~ T - - T o  u~ (P~ X, 
TlOT--------~, ~ = 

= [u~176 t ~ _ _  T1--T0 
T1 ~ ~ To ' 

v = uo (pO-----~, q- pP, (p = . (2 .2)  

In  t h e s e  v a r i a b l e s  t h e  p r o b l e m  i s  f o r m u l a t e d  a s  f o l -  

l o w s :  To  f i n d  t h e  d e p e n d e n c e  o f  b u r n i n g  r a t e  o n  t i m e  

f o r  a g i v e n  v a r i a t i o n  o f  p r e s s u r e  w i t h  t i m e ,  w h e n  t h e  

b u r n i n g  r a t e  a n d  s u r f a c e  t e m p e r a t u r e  a r e  r e l a t e d  i n  

a c e r t a i n  w a y  w i t h  g r a d i e n t  a n d  p r e s s u r e  

v =  v(% n), 0 = 0 ( ~ ,  ~), (2.3) 

a n d  t h e  t e m p e r a t u r e  i n s i d e  t h e  p r o p e l l e n t  s a t i s f i e s  t h e  

h e a t  c o n d u c t i o n  e q u a t i o n  

00 0~0 00 
O ~ r - - - ~ - ~ - - v - ~ ,  0 ( - -  oo) = 0, 0 (0) ----- ~ .  (2 .4)  

S i n c e  t h e  h e a t  c o n d u c t i o n  e q u a t i o n  i s  n o n l i n e a r ,  t h e  

e x a c t  s o l u t i o n  o f  t h e  p r o b l e m  f o r  a r b i t r a r y  r e l a t i o n s  

(2 .3)  a n d  ~?(~) e n c o u n t e r s  c o n s i d e r a b l e  m a t h e m a t i c a l  

d i f f i c u l t i e s .  A c c o r d i n g l y ,  w e  w i l l  f i r s t  i n v e s t i g a t e  t h e  

c a s e  o f  s m a l l  v a r i a t i o n s  o f  p r e s s u r e ,  i . e . ,  t h e  l i n e a r  

a p p r o x i m a t i o n .  

W e  r e p r e s e n t  t h e  t e m p e r a t u r e ,  t h e  b u r n i n g  r a t e ,  

g r a d i e n t ,  a n d  p r e s s u r e  i n  t h e  f o r m  

w h e r e  

0 : e ~, (1 + 0~), 0 = t + ~ ,  

00: 

(2.5) 

I A n e a r i z i n g  t h e  h e a t  c o n d u c t i o n  e q u a t i o n ,  w e  o b t a i n  

001 0~01 �9 001 
o-7- = - ~ r  -1- ~ - -  v~, 

0 1 ( - -  oo) = 0, 01(0) = 01 (2 .6)  
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In a c c o r d a n c e  wi th  [6], r e l a t i o n s  (2.3) a r e  w r i t t e n  
in  the f o r m  

k 6 - - v  
Vl -- k @ r _ _ t ~ l  -~ k~'-r~-t  ql, 

r 5 + ~  
ag~ = ~ +7---~ q~l k + r _ l ~ h .  (2.7) 

Here ,  k and r a r e  d e t e r m i n e d  by m e a n s  of (1.4) and 
(1.5); v and # a r e  p a r a m e t e r s  c h a r a c t e r i z i n g  the p r e s -  
s u r e  dependence  of the burn ing  r a t e  and s u r f a c e  t e rn -  
p e r a t u r e :  

v = \ o - T ~ ] r , '  

F ina l ly ,  

l { OT~~ k (2 .8 )  
ti = ~  \# lnp/T:"  

8 = vr - -  9k, (2.9) 

In o r d e r  to so lve  the  p r o b l e m  we used  the Lap lace  
t r a n s f o r m a t i o n  

F (p) = p ~ e-~" F (~) d~. 
0 

F r o m  (2,6) we have 

pO~ (p) = o~" (p) + o1' (p) - -  v~ (p), 

ol (p) I~=-~ = 0, ol (p)I~=o = ~1 (p), 

w h e r e  a p r i m e  deno tes  d i f f e r en t i a t i on  with r e s p e c t  to 
~. The so lu t ion  of th i s  equat ion with  account  fo r  the 
b o u n d a r y  condi t ions  i s  

0x (p) = l e l  (p) + v~ (p) / p] e'~ - -  vl (p) / p,  

z = - -  ~I~ + ~ V.:, �9 (2.10) 

Hence  the L a p l a c e - t r a n s f o r m e d  c o r r e c t i o n  to the  g r a -  
d ien t  

(~1 (tO) = ~ i  (P) "~ Z [~}1 (P) @- /)1 (P)/P].  (2 .11)  

T r a n s f o r m i n g  (2.7), we obta in  two m o r e  equat ions  fo r  
d e t e r m i n i n g  vl(p) , ~l(P) and q01(p) 

k 8 - - v  
vl (p) --  k + r --  t q)a (P) + ~ ~h (P) 

r 8 + ~  n~ (P). (2.12) ~ ( P ) = ~ ~ ( P )  k + ~ - - t  

F r o m  the  l a s t  t h r e e  equat ions  we find that  

v l (p )  = t - - k + ( ~ + k / p ) ~  rh(P) '  

~ + 8 ( l - - z / p )  

0r ~- v z / p + p , ( l  + z ) + 8 ( t  + z - - z / p )  
l - - k + ( r + k / p ) z  ql (P). (2.13) 

When p << 1 t h e s e  e x p r e s s i o n s  c o r r e s p o n d  to a v e r y  
s low v a r i a t i o n  of  p r e s s u r e  ( q u a s i - s t a t i o n a r y  r e g i m e ) .  
Confining o u r s e l v e s  to the  f i r s t  t e r m  of  the  expans ion  
in  p, fo r  the  burn ing  r a t e  we have 

,1 (p) = ~n~ (p) + k @ - ~) p n l  (p). 

The p r i m i t i v e  of  the  f i r s t  t e r m  i s  s i m p l y  the  c o r -  
r e c t i o n  to the  burn ing  r a t e  for  v a r i a t i o n  of  p r e s s u r e  

under stationary conditions ~I(T). The second term, 
however, is proportional to the derivative of the pres- 
sure with respect to time (~l at T = 0 is equal to zero). 
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Fig .  4 

Thus,  in  the  q u a s i - s t a t i o n a r y  r e g i m e  we have  

vl ('0 = ~'nl ('0 + k (~, - -  ~) dnddT, 

~1 (*) ---- ~nl  Q:) + r (~ - -  v)dnl/dv,  

q)l('t')----(v + ~)~ql('v) + (v - -  ~)(k + r - -  l)dnl]dT, (2.14) 

i .  e o, fo r  s low v a r i a t i o n  of p r e s s u r e  the  burn ing  r a t e ,  
the  s u r f a c e  t e m p e r a t u r e ,  and the g r a d i e n t  d i f f e r  f r o m  
t h e i r  s t a t i o n a r y  v a l u e s  at  the  i n s t an t aneous  va lue  of  
the  p r e s s u r e  Hi(T) by  amounts  p r o p o r t i o n a l  to the r a t e  
of  change  of p r e s s u r e .  Th is  r e s u l t  was  ob ta ined  by  
ZelTdovieh in [2] fo r  a mode l  with cons tan t  s u r f a c e  
t e m p e r a t u r e .  At  r = g = 0 e x p r e s s i o n  (2.14) fo r  the  
burn ing  r a t e  goes  o v e r  into the  r e l a t i o n  ob ta ined  in  
the  a b o v e - m e n t i o n e d  s tudy .  

We wi l l  now c o n s i d e r  the  c a s e  of  a s h a r p  change  in 
p r e s s u r e .  Let  the  p r e s s u r e  change  f r o m  ~?l = 0 to ~?l = 
= h, at  t i m e  T = 0, and t h e r e a f t e r  r e m a i n  cons t an t .  

To some extent this is an abstract formulation of the problem. 
Firstly, in reality it is not possible to bring about a sudden rise or fali 
in pressure, and, secondly, in constructing the propellent model in- 
vestigated we assume that the relaxation times of the processes taking 
place in the gas phase and the surface zone are equal to zero. Actually, 
they are nonzero. However, an examination of the nonstationary phe- 
nomena using this simple relation between pressure and t ime makes it 
possible to clarify a number of important points connected with the 
variation of burning rate, surface temperature, and gradient and then 
to pass to the investigation of an actual case of  pressure variation at 
a finite rate. 

Smal l  t i m e s  c o r r e s p o n d  to l a r g e  v a l u e s  of  the  Lap-  
l ace  v a r i a b l e .  Se t t ing  p >> 1 and ~l(P) = h, f r o m  (2.13) 
we obta in  

v l ( p ) =  8 [ l - t  k ( l~+8) ]  
V ~8 }/~ h,  

t% (p) = t ~ + 8 .  
, V - - y  ~, 

[ k + ' - I  l 
(P l (P )=P~+Sr  t - ] -  r - ~ - ' ~  h .  

Consequent ly ,  

2k(~+8) ( ~ \ ' iqh 8 I -i- ~ \~--] j,o, 
vl (~) = --7- 
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\ : ~ /  , 

qol(v) = l l ' ~ [ 4 - - I  - 2(k-l--rr-- ' l-)(-~-)%]h. (2.15) 

In F i g .  4a and b t h e  s t r a i g h t  l i n e s  o and h c o r r e -  
spond to  r e l a t i o n s  (2.7) f o r  ~)l = 0 and ~/l = h, r e s p e c -  

t i v e l y .  T h e  i n i t i a l  s t a t e  of  t h e  p r o p e l l a n t  i s  r e p r  e -  
s e n t e d  by t h e  po in t  O, t he  end s t a t e  by the  po in t  B.  

~ b 

Fig. 5 

Stationary combustion regimes correspond to the 
straight lines s, whose equations are 

v , =  I + I x / ~ '  0 i =  i + v / I x  �9 

T h e s e  e x p r e s s i o n s  w e r e  o b t a i n e d  f r o m  t h e  l a w s  of  

s t a t i o n a r y  c o m b u s t i o n  v 1 = w01 and ~1 = V01 w i t h  a c -  
coun t  f o r  r e l a t i o n s  (2.7).  The  c o o r d i n a t e s  o f  t h e  p o i n t  
B a r e  

v~ ( B ) =  ~h, ex (B) = ~h, r (B) = (~ + ~)h. 

F o r  a sharp  change of  p r e s s u r e ,  as  fol lows f r o m  
(2.15), the su r face  t e m p e r a t u r e  r e m a i n s  constant ,  but 
the burn ing  r a t e  gradient  changes  abrupt ly  f r o m  z e r o  
to  

v~(A) 8---h (p~(A) ~+6h 

Graphically, the change in the state of the propel- 
lents a t  t i m e  ~" = 0 i s  r e p r e s e n t e d  by  t h e  a r r o w s  OA.  

F r o m  the  po in t  A t h e  s y s t e m  b e g i n s  to  m o v e  on t h e  
s t r a i g h t  l i ne  AB in  t h e  d i r e c t i o n  of  t he  end  s t a t e ,  t h e  
p o i n t  B .  A c t u a l l y ,  t h e  c o e f f i c i e n t s  of  4-~in  (2.15) a r e  
p o s i t i v e ;  i t  i s  c l e a r  f r o m  the  g r a p h  t h a t  k + r - 1 > 0 

(the s l o p e  of  t h e  s t r a i g h t  l i n e s  o and h i s  p o s i t i v e )  and 
g + 6 > 0 (at a g i v e n  g r a d i e n t  t h e  s u r f a c e  t e m p e r a t u r e  

d e c r e a s e s  w i t h  i n c r e a s e  i n  p r e s s u r e ) .  W h e n  t h e  p r e s -  
s u r e  c h a n g e s  at  a l a r g e ,  bu t  f i n i t e  r a t e ,  t h e  c h a n g e  in  
t h e  s t a t e  of  t h e  s y s t e m  a t  s m a l l  ~- i s  d e p i c t e d  by  t h e  
d a s h e d  c u r v e .  

Physically it is easy to understand why when the pressure changes 
sharply the surface temperature changes only slightly, and the burning 
rate and gradient strongly. As a result of the thermal inertia of the 
surface reaction zone the temperature profile cannot change signifi- 
cantly when the pressure rises rapidly. However, a small increase in 
the surface temperature of the propellant is enough to cause a sharp in. 
crease in the gradient and hence the burning rate. 

We note that in the constant surface temperature model the gradient 
remains constant when the pressure suddenly increases, while the burn- 

ing rate takes a value 

vl (A) = ~ h 

greater than its end value h(B) = uh. There then begins a gradual de- 
crease in burning rate to the value vi(B). In the case of variable surface 
temperature at the first instant all the quantities (burning rate, temper- 
ature, and gradient) take values smaller than at point 13. 

We will now cons ider  how the s ta t ionary  end r e g i m e  
i s  a p p r o a c h e d .  F o r  t h i s  p u r p o s e  we  t a k e  e x p r e s s i o n  
(2.13) f o r  t h e  b u r n i n g  r a t e  and,  u s i n g  t h e  r u l e s  o f  o p -  
e r a t i o n a l  c a l c u l u s  [9], we  f ind the  i n v e r s e  t r a n s f o r m  
vi(T ). C a l c u l a t i o n s  l e a d  to  t h e  f o l l o w i n g  r e s u l t :  

" h = ( ' ~  T ) [  2e-x~c~ r176 - 

r + 
k - - t  k "Ix) ~ ( t - - r  +k )  

•  2e-x~ sin ~~ -ke-~/"V{\k~-~(~ ]l-T, ~a--t }#~)]-  k 

+ 

= ~/~0 ~ -  ~ ,  ~0 = --~-~, 
L = -" (k + t) --  (k --  t)3 

2 r 2  

(2.16) 

(2.17) 

H e r e ,  w 0 and ~ a r e  t h e  n a t u r a l  f r e q u e n c y  and l o g -  
a r i t h m i c  d e c r e m e n t  of  t h e  o s c i l l a t i o n s  of  t he  b u r n i n g  

r a t e  i n t r o d u c e d  in  [6].  T h e  f u n c t i o n s  U(x,  y)  and V(x, y)  

i 
I 

, I 

U~ . . . .  

I 
i I 

Fig. 6 

are related with the error function of complex argu- 

ment by  t h e  s i m p l e  r e l a t i o n s  

U (x, y) + W (z, y) = W (z), z = x + ~y,, 

w h e r e  

g 

W (z) = e-~' [l + ~-~o ~ e 2 i  r ,,-dtj.1 

The function W(z) has been tabulated in [10]. A s y m p -  
t o t i o a l l y  a t  r >> 1 

vi (T) __ t + ~ + 2e -x~ - -  cos (oT + ~h V~- 
} _ k - -  i / k (6 + ~) j_ v (1 - -  r + s in  r .18)  

To a large extent the nature of the relation vl(r ) depends on the 
value of k. If X is Iarge, the oscillating term damps rapidly. Otherwise, 
at small X the oscillations of the burning rate continue for a long time. 
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In this case the variation of surface temperature and gradient is also 
oscillatory in character. 

Figure 5 presents typical relations between burning rate and time. 
Curve a was constructed for a propellent with the following param- 

eters: 

k = t . 5 ,  r = 0 . 5 ,  ~=2/3,  t ~ =  ]/~. 

In this case 

o)0= ]/6, ~ =  2, o = ]/~. 

These parameters correspond m N powder burning at a pressure of 
20 arm with an initial temperature of 20 ~ C. Curve b was constructed 
for a propellant with parameters selected so that X was small as com- 
pared with the frequency of the oscillations. In this case 

u(f)  and TI0 e) c u r v e s  at suf f ic ien t ly  low u and Ti~ F i g -  
u r e  3 was  cons t ruc ted  us ing e x p e r i m e n t a l  data r e l a t i n g  
to s t a t i ona ry  combus t ion  in  the r ange  of in i t i a l  t e m -  
p e r a t u r e s  -200  r C - T o -< +140 ~ C. What r e s u l t s  a r e  

r, r,(~) ~ T, tC) "g 

c r, ts) 

x 

k =  2, r=0 .4 ,  v=2/s t~= 0, 

e0=  2.5 ~ %= 0.625. e ~ 3 . 5 .  

In both cases the nonstationary burning rate is significantly higher 
than its end value v 1 (co) = uh. Curve a has a single maximum. In the 
case of oscillations, however, the value vh is passed repeatedly, and 
the rate may even fall below its initial value. 

3. Large  v a r i a t i o n s  of p r e s s u r e .  Quenching of the 
propel lan t .  Fo r  la rge  changes  in p r e s s u r e  the l i n e a r  
approximat ion  is  no longer  suff ic ient .  In th is  case  i t  
i s  n e c e s s a r y  to solve the n o n l i n e a r  heat  conduct ion 
equat ion (2.4) with al lowance for  the non l i nea r  r e l a -  
t ions  between bu rn ing  ra te  and su r face  t e m p e r a t u r e  
and g rad ien t  and p r e s s u r e  (2.3). Of course ,  the qua l i -  
t a t ive  na tu re  of the va r i a t i on  of bu rn ing  ra te  in  t ime  
wi l l  be the s ame  as in  the case  of sma l l  p r e s s u r e  
changes  examined  above.  In p a r t i c u l a r ,  i t  r e m a i n s  
t r u e  tha t  the t e m p e r a t u r e  changes  only sl ightly,  w h e r e -  
as the burn ing  r a t e  and g rad ien t  change abrup t ly  in the 
in i t i a l  m o m e n t s .  

Obviously,  the asympto t ic  behav ior  of the burn ing  
r a t e  at l a rge  t i m e s  wi l l  be c h a r a c t e r i z e d  by a c o m -  
ponent  o sc i l l a t i ng  with f r equency  c0~ However,  at l a rge  
ampl i tudes  of the b u r n i n g  r a t e  osc i l l a t ions ,  undamped 
and even growing non l i nea r  osc i l l a t ions  may  occur .  

This is connected with the fact that when the nonlinear properties 
of the system are taken into account X begins to depend on the ampli- 
tude of the oscillations [7]. The detailed behavior of the burning rate 
for a given change of pressure can be obtained either by numerical 
integration of the starting equations or by some approximate method, 
for example, the method of integral relations used in conjuction with 
the constant-temperature model in [4, 8, 11, 12]. 

Zel'dovich has studied the problem of the quenching of a propellant 
with rapid decrease in pressure. This effect is associated with the fact 
that the temperature gradient at the surface of the propellant in the 
stationary regime is the greater, the higher the pressure. On the other 
hand, assuming u* ~ exp t3T 0 there is a maximum on the f(u) curve at 
any pressure (see Fig. 1, curve a). If after the pressure drops the gradi- 
ent exceeds its maximum value at the end pressure, combustion is im- 
possible and the powder is quenched. 

Thus, the form of the u(f) curve is important in explaining quench- 
ing in the constant-temperature model. In fact, quenching can be 
explained only in the case of curve a. For the u(f) relations represented 
by curves b and c (Fig. 1) quenching is impossible. 

We wil l  now cons ide r  how to expla in  quenching when 
the p r e s s u r e  fa l l s  qui te  r ap id ly  and s teeply  in  the case  
of a p rope l lan t  whose sur face  t e m p e r a t u r e  is  va r i ab le .  

In our  opinion,  for  a c o r r e c t  unde r s t and ing  of th i s  phe-  
nomenon  i t  i s  n e c e s s a r y  to know the behav ior  of the 

Fig. 7 

to be expected with fu r the r  d e c r e a s e  in the in i t i a l  t e m -  
p e r a t u r e  of the p r ope l l e n t ?  It may  be that  s t a t i ona ry  
combus t ion  becomes  i m p o s s i b l e  at a c e r t a i n  t e m p e r a -  
t u r e .  In th is  case  the u(f)  and Tl(f )  cu rves  end at the 
poin ts  (fi, ui) and (fi, Tt i) .  Another  v a r i a n t  i s  also p e s -  
s i b l e - - s t a t i o n a r y  combus t ion  ex i s t s  down to an in i t i a l  
t e m p e r a t u r e  equal  to absolu te  ze ro .  Then  the non -  
s t a t i ona ry  laws u(f)  and Tl ( f  ) can  be obtained f r o m  
the s t a t i ona ry  r e l a t i o n s  u~ and Tl~ only up to 
c e r t a i n  va lues  of the bu r n i ng  r a t e  and su r face  t e m -  
p e r a t u r e .  However,  the nons t a t i ona r y  r e l a t i ons  a re  
a lso meaningfu l  below those  va l ue s .  The i r  d e t e r m i n a -  
t ion  in  that  r eg ion  m u s t  be based  on e x p e r i m e n t s  with 
n o n s t a t i o n a r y  combus t ion  (for example ,  in  e x p e r i m e n t s  
on p rope l l an t  ignit ion).  It is  na tu ra l  to expect  that  in 
th is  case ,  too, combus t ion  wil l  take p lace  only i f  the 
su r face  t e m p e r a t u r e  i s  h igher  than  a c e r t a i n  value,  

i . e . ,  the cu rve  ends at a c e r t a i n  point  (fi, Tli)~ This  
point  c o r r e s p o n d s  to the end point  of the bu rn ing  r a t e  

curve ~,  ui). 
F i g u r e s  6a and b show the bu r n i ng  r a t e  and su r face  

t e m p e r a t u r e  as a funct ion  of the g rad ien t  for  two v a l -  
ues  of the p r e s s u r e  Pt < P2 (curves  1 and 2, r e s p e c -  
t ive ly) .  The c u r v e s  s c o r r e s p o n d  to s t a t i o n a r y  c o m -  
bus t ion  r e g i m e s  at the given p rope l l an t  t e m p e r a t u r e  
T O and va r ious  p r e s s u r e s .  We wi l l  cons ide r  the qua l i -  
t a t ive  behav ior  of the p rope l l en t  as the p r e s s u r e  v a r i e s  
f r o m  P2 to Pl.  The in i t i a l  s tage i s  r e p r e s e n t e d  by the 
point  A, the end s ta te  by point  B. F o r  a slow va r i a t i on  
of p r e s s u r e  the t r a n s i e n t  p r o c e s s  i s  r e p r e s e n t e d  by 
the cu rve  s~ In the case  of a rap id  change of p r e s s u r e  
the sur face  t e m p e r a t u r e  changes  only  s l ight ly  (in the 
l im i t i ng  case  of a sudden drop in  p r e s s u r e  i t  does not 
change at all) ,  while  the g rad ien t  and bu r n i ng  ra te  ex-  
p e r i e n c e  sharp  changes .  This  i s  shown by the a r r o w s  
AC~ There  i s  a lmos t  no change in  the t e m p e r a t u r e  
prof i le  ins ide  the p rope l l an t  as  the  p r e s s u r e  va r i e s .  

In Fig.  7 the sol id  cu rve  A c o r r e s p o n d s  to the in i t i a l  
t e m p e r a t u r e  d i s t r ibu t ion ,  and the dashed cu rve  C, 
which differs  s l ight ly  f rom A only c lose  to the 

su r face  of the p rope l l an t ,  r e p r e s e n t s  the t e m p e r a -  
t u r e  prof i le  i m m e d i a t e l y  a f te r  the fal l  i n  p r e s s u r e - - t h e  
sur face  t e m p e r a t u r e  has  changed s l igh t ly  f r o m  TI(A ) 
to TI(C ), but  the g rad ien t  at the su r f ace  has  changed 
sha rp ly .  The new va lue  of the g rad ien t  c o r r e s p o n d s  to 
the s t a t i ona ry  t e m p e r a t u r e  p rof i l e  C1, which in  t u rn  
c o r r e s p o n d s  to a l a rge  in i t i a l  t e m p e r a t u r e .  If the p r e s -  
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s u r e  s u b s e q u e n t l y  r e m a i n s  c o n s t a n t  and equa l  to Pl, 

t he  s t a t e  of  t he  p r o p e l l a n t  w i l l  v a r y  a l o n g  c u r v e  1 ( see  
F i g .  6) in  t he  d i r e c t i o n  CB.  The  s u r f a c e  t e m p e r a t u r e  
and b u r n i n g  r a t e  w i l l  f a l l .  In f ac t ,  f o r  t he  t e m p e r a t u r e  

p r o f i l e s  C and C 1 n e a r  the  s u r f a c e  of t h e  p r o p e l l a n t  
we have  the  r e l a t i o n s  

{u OT ~ .~ (u OT 

(~ O,T ~ (~ O,T 
Ox2 /c ~ \ Oz~ /c," 

and,  c o n s e q u e n t l y ,  f r o m  h e a t  c o n d u c t i o n  e q u a t i o n  (2.1) 

(or / ot)c < o. 

If t he  d r o p  in  p r e s s u r e  w a s  s u f f i c i e n t l y  s h a r p ,  t hen  
on a p p r o a c h i n g  the  po in t  B the  t e m p e r a t u r e  p r o f i l e  in  
the  p r o p e l l a n t  w i l l  be  s h a r p l y  d i f f e r e n t  f r o m  t h e  s t a -  
t i o n a r y  p r o f i l e  ( c u r v e s  B and B i in  F i g .  7), w h i c h  f o r  
t h e  s a m e  r e a s o n s  l e a d s  to a f u r t h e r  d e c r e a s e  in  t he  
b u r n i n g  r a t e  and s u r f a c e  t e m p e r a t u r e ,  i . e . ,  to  the  

d i s p l a c e m e n t  o f  po in t  B in  t h e  d i r e c t i o n  o f  t h e  end po in t  
of  t h e  c u r v e s  i .  

The  s u b s e q u e n t  p r o g r e s s  of  t h e  n o n s t a t i o n a r y  p r o -  
c e s s  d e p e n d s  on the  m a g n i t u d e  and s t e e p n e s s  o f  t he  

p r e s s u r e  d r o p .  F o r  a s m a l l  v a l u e  o f  P2/Pl  o r  a s l o w  
v a r i a t i o n  of  p r e s s u r e  on the  s e g m e n t  Bi we  ge t  a t e m -  
p e r a t u r e  p r o f i l e  f o r  wh ich  the  s e c o n d  d e r i v a t i v e  o f  t h e  

t e m p e r a t u r e  n e a r  t h e  s u r f a c e  c o i n c i d e s  wi th  the  s e c -  
ond d e r i v a t i v e  of  t he  s t a t i o n a r y  p r o f i l e .  In t h i s  c a s e  
a t  po in t  D the  f a l l  in  t e m p e r a t u r e  c e a s e s ,  and an o s -  

c i l l a t o r y  a p p r o a c h  to t h e  s t a t i o n a r y  r e g i m e  b e g i n s .  
H o w e v e r ,  f o r  l a r g e  and s h a r p  p r e s s u r e  d r o p s  t he  n o n -  
s t a t i o n a r y  p r o c e s s  m a y  r e a c h  t h e  po in t  i ,  a t  wh ich  
c o m b u s t i o n  c e a s e s - t h e  p r o p e l l a n t  i s  quenched .  

Thus ,  t h e  b a s i c  r e a s o n  f o r  q u e n c h i n g  of  t h e  p r o p e l -  
l e n t  i n  t he  v a r i a b l e - t e m p e r a t u r e  m o d e l  i s  t h e  s a m e  a s  
i n  t h e  Z e l ' d o v i c h  m o d e l - - t h e  s h a r p  d i f f e r e n c e  b e t w e e n  

the  t e m p e r a t u r e  p r o f i l e s  in  t he  i n i t i a l  and end s t a t e s .  
H o w e v e r ,  t he  d e t a i l e d  b e h a v i o r  of  t he  b u r n i n g  r a t e  
and t e m p e r a t u r e  d i s t r i b u t i o n  and the  q u e n c h i n g  c r i -  

t e r i o n  a r e  s i g n i f i c a n t l y  d i f f e r e n t .  At  c o n s t a n t  s u r f a c e  
t e m p e r a t u r e  q u e n c h i n g  i s  d e t e r m i n e d  by  the  po in t  w i t h  
an  i n f i n i t e  d e r i v a t i v e  on t h e  u ( f )  c u r v e ;  in  t h e  v a r i a b l e -  

t e m p e r a t u r e  m o d e l  by t h e  p o i n t  i c o r r e s p o n d i n g  to  t h e  
end of  t h e  u ( f )  and T l ( f  ) c u r v e s .  In t he  a b s e n c e  of  
quench ing ,  r e l a x a t i o n  o f  t h e  t e m p e r a t u r e  p r o f i l e  to  t h e  

s t a t i o n a r y  d i s t r i b u t i o n  i s  " v i s c o u s  w in  t h e  f i r s t  c a s e  
and o s c i l l a t o r y  in  t h e  s e c o n d .  

We note that both models give qualitatively identical relations 
between the minimum drop and rate of variation of pressure necessary 
for quenching. With increase in the ratio Pz/Pl the minimumrate of 
fall of pressure sufficient for quenching decreases. Actually, the occur- 
rence of quenching depends on the distance between the point C and 
the point B, and this distance increases with increase in the magnitude 
and rate of the pressure drop. Thus, the quenching curves, L e., the 
dependence of the ratio Pz/Pl sufficient for quenching on the rate of 
fall of pressure dp/dt, will have qualitatively the same form as in the 
constant-temperature model (the quenching curves for that case were 
approximately calculated in [11]). In this connection, we note that 
the experimental data (e. g., [13]) are qualitatively explained by both 
models. To make a quantitative analysis of the quenching phenomenon 

and compare the results wkh the experimental data it is necessary, of 
course, to know the detailed form of the u(f, p) and Tr( J, p) relations. 
Hence the important, in our opinion, experimental problem of deter- 
mining the stationary relations u~ p) and T~ (To, p) over broader 
intervals of variation of pressure and initial temperature than before. 

4. Propellent ignition. As ZeI'dovieh has shown, at constant sur- 
face temperature to ignite a propellant it is necessary to heat its surface 
to a certain temperature and create a sufficient reserve of heat in the 
condensed phase, so that the temperature gradient is less than that max- 
imally possible at the given pressure and the state of the propellant is 
described by a point lying on a segment of the u(5) curve corresponding 
to stable combustion regimes. Different propellant ignition regimes 
depending on the rate of heat supply, have been examined by Librovich 
[8], who has shown that at a sufficiently intense rate of heat supply 
ignition does not occur at all-gasification of the propellants is accom- 
panied by the establishment of a stationary regime with a temperature 
gradient at which a flame cannot exist above the surface. 

We now turn to the case of variable surface temperature. Obviously, 
ignition can occur after the surface temperature reaches the value Tti. 
Befcre heating begins, T~ = To and f = 0. As the propeAant is heated, 
both the surface temperature and the gradient begin to increase. By 
the same method as employed in studying the quenching of a propellant 
it is easy to show that if the surface temperature reaches the value Tli, 
while at that instant the gradient f0 is greater than ~i, then after ig- 
nition the surface temperature must fall, i .e . ,  the propellant must be 
quenched, In fact, after ignition the nonstationary relation Tl(f) re- 
quires a single-valued relatinn between surface temperature and gradient. 
Therefore at the instant of ignition the temperature profile must change 
so that the gradient decreases from f0 to fi" However, in the presence 
of the resulting temperature distribution the surface temperature will 
decrease (the second derivative of the temperature is less than in the 
stationary profile corresponding to the gradient fi). Thus, rapid heating 
of the propellant may lead only to flashing. 

To ignite the propellant it is necessary to heat it sufficiently slowly, 
so that at the moment when the surface temperature reaches the value 
2:1; the gradient at the surface is not greater than ]i" Only then will 
the surface temperature rise after ignition and the burning rate increase 
with subsequent relaxation to the stationary regime (in this case oscilla- 
tions about the stationary end regime are possible). 

The author thanks O. L Leipunskii, A. G. Istratov, V. B. Librovich, 
and A. D. Margolin for their comments and advice. 
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